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Abstract
Let N be a normal subgroup of a p-solvable group G and let M be a simple FN -module, where F is
an algebraically closed field of characteristic p. Let Q be any p-subgroup of G. In this paper, we count the
number of simple FG-modules lying over M and having Q as a vertex.
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1. Introduction
Fix a prime p, a finite p-solvable group G and an algebraically closed field F of charac-
teristic p. Let N  G and let M be a simple FN -module. For a p-subgroup Q of G, denote
by IRRQ(FG|M), the set of simple FG-modules lying over M and having Q as a vertex. The
purpose of this paper is to count the number of elements in IRRQ(FG|M).
Let A be the set of simple FG-modules V lying over M such that the p-part of dimF V is as
small as possible. This set has been studied in [7,8]. Now in view of [8, Theorem 1(a)] and [1,
Theorem 2.1], we have that A= IRRQ(FG|M), where Q is a vertex of any module in A, and
so in this particular situation, |IRRQ(FG|M)| has already been determined in [8].
Next when N is trivial (so that M is the trivial FN -module), IRRQ(FG|M) consists of all
the simple FG-modules having Q as a vertex. In this case, a theorem of Isaacs and Navarro [5]
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should mention, is a proof of Alperin’s weight conjecture for p-solvable groups.
Inspired by the result of Isaacs and Navarro above, we prove the following generalization in
this paper.
Theorem. Let N  G, where G is p-solvable and let M be a simple FN -module. Then for any
p-subgroup Q of G,
∣∣IRRQ(FG|M)∣∣= ∣∣∣∣⋃
x∈G
IRRQ
(
F
[
NNG(Q)
]∣∣Mx)∣∣∣∣.
We will obtain this result as a direct corollary of Theorem 2.1 below, which is a generalization
of Theorem C in [5].
We should finally mention that (with [1, Theorem 2.1] in mind) a result analogous to Theorem
is shown for p-blocks in [9], where it is implicitly assumed that Q is a defect group of the relevant
blocks of FG and F [NNG(Q)].
2. Proof of Theorem
Although the main theorem is about modules in characteristic p, we choose to work with
characters in characteristic zero. One benefit of this approach is that it allows us to prove a more
general π -version using Isaacs’ π ′-partial characters of π -separable finite groups, where π is an
arbitrary set of prime numbers.
Let G be a π -separable group, where π is a set of primes. For an ordinary character χ of G,
we denote by χ0, the restriction of χ to the set of π ′-elements. Any such restriction is called a
π ′-partial character. Moreover, a π ′-partial character is said to be irreducible if it is not the sum
of two nonzero π ′-partial characters. The set of these irreducible objects is denoted by Iπ ′(G).
When π = {p}, then Iπ ′(G) coincides with IBr(G), the set of irreducible Brauer characters, and
more generally, the irreducible π ′-partial characters behave in similar ways to the irreducible
Brauer characters.
It is obvious that for any ϕ ∈ Iπ ′(G), there exists at least one ordinary irreducible character
χ of G such that χ0 = ϕ. In fact, Isaacs has canonically defined a certain subset Bπ ′(G) ⊆
Irr(G) such that the map χ → χ0 is a bijection of Bπ ′(G) onto Iπ ′(G). (The definition and basic
properties of the set Bπ ′(G) appear in [3].)
Using exactly the same formula for induced characters, one can define the induced object ψG
for a π ′-partial character ψ of a subgroup H of G. It turns out that such an object is always a
π ′-partial character of G.
We should also mention that an analogue of a vertex of an irreducible Brauer character can be
defined for an irreducible π ′-partial character. More explicitly, a π -subgroup Q of G is said to
be a vertex of ϕ ∈ Iπ ′(G) provided that Q is a Hall π -subgroup of some subgroup H of G such
that there exists ω ∈ Iπ ′(H) with ϕ = ωG and ω(1), a π ′-number. In view of [5, Theorem B],
it is always possible to find such a subgroup H , and the set of vertices of ϕ consists of a single
conjugacy class of subgroups of G. In case π = {p}, the vertices of ϕ ∈ Iπ ′(G)(= IBr(G)) are
just the vertices of a simple module that affords ϕ.
Let N G and let θ ∈ Iπ ′(N). We write Iπ ′(G|θ) for the set of ϕ ∈ Iπ ′(G) lying over θ . Also,
for any π -subgroup Q of G, we denote by IQ
π ′(G|θ), the set of all ϕ ∈ Iπ ′(G|θ) having Q as a
vertex.
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Theorem 2.1. Let N G, where G is π -separable and let θ ∈ Iπ ′(N) with inertial group I in G.
Assume that a Hall π -subgroup of I/N is nilpotent. Then for any π -subgroup Q of G,
∣∣IQ
π ′(G|θ)
∣∣= ∣∣∣∣⋃
x∈G
IQ
π ′
(
NNG(Q)
∣∣θx)∣∣∣∣.
In order to prove Theorem 2.1, we need a number of preliminary results. The statement of our
first lemma involves character triples whose basic properties may be found in Chapter 11 of [2].
Let (τ, σ ) be a character triple isomorphism from (Γ,U,λ) to (Γ ′,U ′, λ′). If H is any sub-
group of Γ containing U , we shall write H ′ for the subgroup of Γ ′ satisfying τ(H/U) = H ′/U ′.
Lemma 2.2. Let (G,N,μ) be a character triple where G is π -separable and μ is π ′-special.
Then there exist a character triple (G′,N ′,μ′) with N ′ a π ′-group contained in Z(G′), and
a character triple isomorphism (τ, σ ) from (G,N,μ) to (G′,N ′,μ′) such that the following
statements hold for every subgroup H of G containing N :
(a) If ψ ∈ Iπ ′(H |μ0), then there exists a character χ ∈ Irr(H) lying over μ such that χ0 = ψ .
For any such character, σH (χ)0 is an irreducible π ′-partial character of H ′ lying over μ′
that is uniquely determined by ψ . Furthermore, the map σ 0H sending ψ to σH (χ)0 is a
bijection of Iπ ′(H |μ0) onto Iπ ′(H ′|μ′).
(b) Let ψ ∈ Iπ ′(H |μ0). If Q is a vertex for ψ , then N ∩Q is a Hall π -subgroup of N . Moreover,
σ 0H (ψ) has the unique Hall π -subgroup Q̂ of (NQ)′ as a vertex.
(c) Assume Q is a π -subgroup of G such that N ∩ Q is a Hall π -subgroup of N . Then σ 0H
restricts to a bijection of IQ
π ′(H |μ0) onto IQ̂π ′(H ′|μ′), where Q̂ is the unique Hall π -subgroup
of (NQ)′.
Proof. This lemma without (c) is guaranteed by [9, Lemma 2.1]. So we just need to prove (c).
Now by (a), it suffices to show that a π ′-partial character ψ ∈ Iπ ′(H |μ0) has vertex Q if and
only if σ 0H (ψ) has vertex Q̂.
If ψ has vertex Q, then Q̂ is a vertex of σ 0H (ψ) by (b). Conversely, assume that σ 0H (ψ) has
vertex Q̂. Then, in view of (b), for a vertex P of ψ , we have that N ∩P is a Hall π -subgroup of
N and (NP )′ = N ′P̂ , where P̂ is some vertex of σ 0H (ψ). Then P̂ = Q̂h
′ for some h′ ∈ H ′. Let
h be an element of H such that τ(hN) = h′N ′. Then, as (NQ)′ = N ′Q̂, we have
τ
(
(NQ)h
N
)
= τ
(
NQ
N
)h′N ′
= (N
′Q̂)h′
N ′
= N
′P̂
N ′
= τ
(
NP
N
)
.
It follows that NQh = NP . Since N ∩ P is a Hall π -subgroup of N , it is easy to see that
P is a Hall π -subgroup of NP . On the other hand, as N ∩ Q is a Hall π -subgroup of N by
assumption, then so is N ∩ Qh and it follows that Qh is a Hall π -subgroup of NP . Therefore
Qh is N -conjugate to P , and consequently Q is a vertex for ψ . The proof of the lemma is now
complete. 
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irreducible character of a central π ′-subgroup. Now, the next result reduces the general situation
of an invariant Bπ ′ -character to one of an invariant π ′-special character.
Lemma 2.3. Let N  G, where G is π -separable and let μ ∈ Bπ ′(N) be G-invariant. Choose a
nucleus (W,γ ) for μ and write S = NG((W,γ )) for the stabilizer of (W,γ ). Then
(a) G = NS and N ∩ S = W .
(b) The correspondence ψ → ψG defines a bijection of Iπ ′(S|γ 0) onto Iπ ′(G|μ0).
(c) If Q is a π -subgroup of G such that Q ⊆ S, then the correspondence of (b) restricts to a
bijection of IQ
π ′(S|γ 0) onto IQπ ′(G|μ0).
Proof. See [6, Lemma 3.6(a)] for (a), and [6, Proposition 3.8(b)] for (b). Next we prove (c). So
let Q be a π -subgroup of G such that Q ⊆ S. Then, in view of (b), it is enough to show that
ψ ∈ Iπ ′(S|γ 0) has vertex Q if and only if ψG has vertex Q.
If ψ has vertex Q, then it is clear that ψG has vertex Q. Next assume that Q is a vertex
for ψG. Then there is an element g ∈ G and a vertex R of ψ such that Q = Rg . We will show
that Q is in fact S-conjugate to R so that Q is a vertex for ψ .
Since G = NS by (a), we may assume g ∈ N . We now have Q ⊆ NR. Let x be any element
of Q. Then x = nr for some elements n ∈ N and r ∈ R. Since both of Q and R are contained
in S, we get n ∈ S. Hence n ∈ W , as N ∩ S = W by (a). It follows then that Q ⊆ WR. Next,
as (S,W,γ ) is a character triple and γ is π ′-special, W ∩ R is a Hall π -subgroup of W by
Lemma 2.2(b), and it follows that R is a Hall π -subgroup of WR. Now since |Q| = |R|, we
deduce that Q also, is a Hall π -subgroup of WR. Thus Q = Rw for some w ∈ W , and so Q is
S-conjugate to R, as W ⊆ S. 
Let N G, where G is π -separable. Suppose that G/N is a π -group and let θ ∈ Iπ ′(N). Then
the set Iπ ′(G|θ) consists of a single element ϕ. Moreover, ϕN = θ if θ is G-invariant (see [8,
Lemma 2]).
The following lemma shows, among other things, that for a certain type of π -subgroups Q of
G in Lemma 2.3, a nucleus for μ can be chosen so that the condition of (c) is realized.
Lemma 2.4. Let N  G, where G is π -separable and let μ ∈ Bπ ′(N) be G-invariant. Let Q be
a π -subgroup of G and assume that the unique element ψ in Iπ ′(NQ|μ0) has vertex Q, then
(a) NG(NQ) = NNG(Q).
(b) There is a nucleus (W,γ ) for μ such that Q is contained in the stabilizer S of (W,γ ) in G.
Proof. Since μ is G-invariant, then so is μ0. Next, as ψ is the only element in Iπ ′(NQ|μ0),
it is NG(NQ)-invariant. Then if t ∈ NG(NQ), it follows that Qt is a vertex for ψ . Therefore
Qt = Qnt for some nt ∈ N and hence t ∈ NNG(Q). This proves that NG(NQ) ⊆ NNG(Q). As
NNG(Q) ⊆ NG(NQ), we have NG(NQ) = NNG(Q), which proves (a). Next we show (b).
Choose a nucleus (W1, γ1) for μ and call S1, the stabilizer of (W1, γ1) in G. By Lemma 2.3(b)
(where we take G to be NQ), we have ψ = νNQ for an irreducible π ′-partial character ν of
(NQ) ∩ S1. Let D be a vertex for ν. Then ψ has vertex D. Hence Q = Dn for some n ∈ N .
Let (W,γ ) = ((W1)n, (γ1)n). Then (W,γ ) is a nucleus for μ and the stabilizer of (W,γ ) in
G is S = (S1)n. Now as D ⊆ S1, we have Q ⊆ S. This clearly proves (b). 
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then for ϕ ∈ Iπ ′(G|θ), there exists a unique element ϕ′ ∈ Iπ ′(I |θ) for which ϕ = ϕ′G (see
[4, Proposition 3.2]).
Lemma 2.5. Let N  G, where G is π -separable and let θ ∈ Iπ ′(N) with inertial group I in G.
Assume ϕ ∈ Iπ (G|θ) and let ϕ′ be the partial character in Iπ ′(I |θ) such that ϕ = ϕ′G. If Q is a
vertex of ϕ′, then Q is a vertex for the unique irreducible π ′-partial character of NQ that lies
over θ .
Proof. Let μ be the unique character in Bπ ′(N) with μ0 = θ . Note that I is the inertial group
of μ, as θ uniquely determines μ. Next let (W,γ ) be a nucleus for μ and call S = NI ((W,γ )),
the stabilizer of (W,γ ) in I . Since γ is π ′-special, γ 0 is an irreducible π ′-partial character of W
with γ 0(1), a π ′-number.
By Lemma 2.3(b), there exists a unique element ψ ∈ Iπ ′(S|γ 0) with ψI = ϕ′. Let D be a
vertex for ψ . Then D is a vertex of ϕ′, as well. Next, as (S,W,γ ) is a character triple and γ is
π ′-special, part (b) of Lemma 2.2 tells us that W ∩ D is a Hall π -subgroup of W . It follows that
D is a Hall π -subgroup of WD.
Let ω be the unique irreducible π ′-partial character of WD lying over γ 0. Since γ 0 is WD-
invariant, ω extends γ 0. Hence ω(1)π = 1 and therefore ω has vertex D.
As D ⊆ S, we have ND ∩ S = (N ∩ S)D. By Lemma 2.3(a) N ∩ S = W , and so ND ∩ S =
WD. It follows by part (b) of Lemma 2.3 (where we take G to be ND) that ωND is the unique
irreducible π ′-partial character of ND lying over θ . Furthermore D, being a vertex of ω, is also
a vertex for ωND .
Finally, let Q be any vertex for ϕ′. Then Q = Dg for some g ∈ I , and (ωND)g is the unique
irreducible π ′-partial character of NQ that lies over θ(= θg). Since Q is a vertex of (ωND)g , the
proof of the lemma is complete. 
The following is the stable case of Theorem 2.1.
Proposition 2.6. Let N G, where G is π -separable and let θ ∈ Iπ ′(N) be G-invariant. Assume
that a Hall π -subgroup of G/N is nilpotent. Then for any π -subgroup Q of G, |IQ
π ′(G|θ)| =
|IQ
π ′(NNG(Q)|θ)|.
Proof. Fix a π -subgroup Q of G and let ψ be the unique element in Iπ ′(NQ|θ). Next let μ
be the character of Bπ ′(N) for which μ0 = θ . As θ is G-invariant, then so is μ. Now choose a
nucleus (W,γ ) for μ and write S for the stabilizer of (W,γ ) in G.
Case 1. Assume first that Qn  S for every n ∈ N . If (W ′, γ ′) is any nucleus for μ, then
(W ′, γ ′) = (Wn′ , γ n′) for some n′ ∈ N , and the stabilizer of (W ′, γ ′) in G is Sn′ . It follows
by Lemma 2.4(b) that Q cannot be a vertex of ψ . Now by Lemma 2.5, the sets IQ
π ′(G|θ) and
IQ
π ′(NNG(Q)|θ) must be empty. So we have
∣∣IQ
π ′(G|θ)
∣∣= 0 = ∣∣IQ
π ′
(
NNG(Q)
∣∣θ)∣∣.
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stabilizer Sn−1 , we may assume Q ⊆ S. Now Lemma 2.3(c) implies that |IQ
π ′(G|θ)| = |IQπ ′(S|γ 0)|
and |IQ
π ′(NNG(Q)|θ)| = |IQπ ′(S ∩ NNG(Q)|γ 0)|.
If Q is not a vertex for ψ , then by Lemma 2.5 both of IQ
π ′(G|θ) and IQπ ′(NNG(Q)|θ) are
empty, and so just as in Case 1, we have∣∣IQ
π ′(G|θ)
∣∣= 0 = ∣∣IQ
π ′
(
NNG(Q)
∣∣θ)∣∣.
Next assume ψ has vertex Q. Then by Lemma 2.4(a),
NNG(Q) = NG(NQ). (1)
We claim that S ∩ NG(NQ) = NS(WQ).
Let g ∈ S ∩ NG(NQ). Then Qg ⊆ NQ. As g ∈ S, Q ⊆ S and N ∩ S = W by Lemma 2.3(a),
it follows that Qg ⊆ NQ ∩ S = WQ. So WQg ⊆ WQ. Since W  S, we conclude that g ∈
NS(WQ). Next let h ∈ NS(WQ). Then WQh = WQ, and hence NQh = NQ as W ⊆ N . This
shows that h ∈ S ∩ NG(NQ). We have thus proved our claim.
Our next task is to show that W ∩Q is a Hall π -subgroup of W . Since Q is a vertex of ψ , [7,
Theorem 1(a)] tells us that θ has vertex N ∩Qn0 for some n0 ∈ N . It follows by [5, Corollary 3.5]
that θ(1)π = |N |π/|N ∩Q|. On the other hand, as μ = γ N and γ (1) is a π ′-number (because γ
is π ′-special), we have θ(1)π = μ(1)π = |N : W |π . We conclude then that |W |π = |N ∩ Q|. As
Q ⊆ S and N ∩ S = W , we have W ∩ Q = N ∩ Q. Consequently W ∩ Q is a Hall π -subgroup
of W , as needed to be shown.
Next, in view of Lemma 2.2, there exist a character triple (S′,W ′, γ ′) with W ′ a π ′-group
contained in Z(S′) and an isomorphism (τ, σ ) from (S,W,γ ) to (S′,W ′, γ ′) such that (using
the notation of Lemma 2.2(c))
∣∣IQ
π ′
(
S
∣∣γ 0)∣∣= ∣∣IQ̂
π ′(S
′|γ ′)∣∣ (2)
and ∣∣IQ
π ′
(
NS(WQ)
∣∣γ 0)∣∣= ∣∣IQ̂
π ′
((
NS(WQ)
)′∣∣γ ′)∣∣, (3)
where Q̂ is the unique Hall π -subgroup of (WQ)′.
It is easy to see that NS(WQ)/W = NS/W (WQ/W) and NS′(W ′Q̂)/W ′ =
NS′/W ′(W ′Q̂/W ′). Furthermore, since τ is an isomorphism from S/W onto S′/W ′ and
(WQ)′ = W ′Q̂, we have τ(NS/W (WQ/W)) = NS′/W ′(W ′Q̂/W ′). Therefore (NS(WQ))′ =
NS′(W ′Q̂). Now as Q̂ is the unique Hall π -subgroup of W ′Q̂, it follows that (NS(WQ))′ =
NS′(Q̂).
By Lemma 2.3(a), S/W ∼= G/N . Further, we know that S′/W ′ ∼= S/W . Since a Hall
π -subgroup of G/N is nilpotent and W ′ is a π ′-group, it follows that S′ has a nilpotent Hall
π -subgroup.
Now by [5, Theorem 6.3], |IQ̂
π ′(S
′|γ ′)| = |IQ̂
π ′(NS′(Q̂)|γ ′)|. Since (NS(WQ))′ = NS′(Q̂),
we get that |IQ̂
π ′(S
′|γ ′)| = |IQ
π ′(NS(WQ)|γ 0)| by (3). Further, recall that NS(WQ) = S ∩
NG(NQ). Then, as |IQπ ′(S ∩ NG(NQ)|γ 0)| = |IQπ ′(NG(NQ)|θ)| from Lemma 2.3(c), we ob-
tain |IQ̂′(S′|γ ′)| = |IQ′(NG(NQ)|θ)|. Next, part (c) of Lemma 2.3 (once more) implies thatπ π
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π ′(S|γ 0)| = |IQπ ′(G|θ)|. Then in view of (2), it follows that |IQπ ′(G|θ)| = |IQπ ′(NG(NQ)|θ)|.
This proves the proposition as NG(NQ) = NNG(Q) by (1). 
Finally, we are ready to prove Theorem 2.1.
Proof of Theorem 2.1. First, fix a π -subgroup Q of G.
Case 1. Assume that IQ
π ′(G|θ) = ∅. We need to show that IQπ ′(NNG(Q)|θx) = ∅ for every x ∈ G.
Suppose, on the contrary, that there exists ν ∈ IQ
π ′(NNG(Q)|θz) for some z ∈ G. Then νz
−1 ∈
IQ
z−1
π ′ (NNG(Q
z−1)|θ). Let α be the unique element in Iπ ′(NNG(Qz−1) ∩ I |θ) such that νz−1 =
αNNG(Q
z−1 )
. Since Qz−1 is a vertex for νz−1 , then it is one for α. So, in particular, Qz−1 ⊆ I ,
and therefore we have NNG(Qz
−1
)∩ I = NNI (Qz−1). We now have IQz
−1
π ′ (NNI (Q
z−1)|θ) = ∅.
Then Proposition 2.6 implies that there exists a partial character β ∈ Iπ ′(I |θ) having vertex Qz−1 .
But then Qz−1 , hence Q itself, is a vertex of βG ∈ Iπ ′(G|θ), and this contradicts our assumption
that IQ
π ′(G|θ) is empty. This proves the theorem in this case.
Case 2. Suppose now that IQ
π ′(G|θ) = ∅. Let ϕ be any element in IQπ ′(G|θ). Then if ϕ(I) denotes
the unique element of Iπ ′(I |θ) for which ϕ = (ϕ(I))G, it is clear that there is g ∈ G such that ϕ(I)
has vertex Qg .
Now choose a minimal subset A of G such that for each ϕ ∈ IQ
π ′(G|θ), there is a unique
element aϕ ∈ A for which Qaϕ is a vertex of ϕ(I). For a ∈ A, we write Ωa for the set of all
ϕ ∈ IQ
π ′(G|θ) such that ϕ(I) has vertex Qa . By the choice of the set A, it is easy to see that
{Ωa: a ∈ A} is a partition of IQπ ′(G|θ).
Our first task is to show that for a ∈ A,
|Ωa| =
∣∣IQ
π ′
(
NNG(Q)
∣∣θa−1)∣∣. (∗)
By [4, Proposition 3.2(a)], the map ψ → ψG is a bijection of Iπ ′(I |θ) onto Iπ ′(G|θ). Now
if ψ has vertex Qa , then ψG ∈ Ωa . It follows that the induction map restricts to a bi-
jection of IQa
π ′ (I |θ) onto Ωa . Hence, in particular, |Ωa| = |IQ
a
π ′ (I |θ)|. Next, Proposition 2.6
tells us that |IQa
π ′ (I |θ)| = |IQ
a
π ′ (NNI (Q
a)|θ)|, and so to prove (∗), it is enough to show that
|IQa
π ′ (NNI (Q
a)|θ)| = |IQ
π ′(NNG(Q)|θa
−1
)|.
First, note that NNI (Qa) = NNG(Qa) ∩ I . Then, again by Proposition 3.2(a) in [4], the
map δ → δNNG(Qa) is a bijection of Iπ ′(NNI (Qa)|θ) onto Iπ ′(NNG(Qa)|θ). Now if Qa
is a vertex for δ, then it is a vertex of δNNG(Qa) also. Conversely if δNNG(Qa) has vertex
Qa , then an N -conjugate of Qa , hence Qa , is a vertex of δ. We thus get a 1-1 correspon-
dence from IQ
a
π ′ (NNI (Q
a)|θ) onto IQa
π ′ (NNG(Q
a)|θ), and consequently |IQa
π ′ (NNI (Q
a)|θ)| =
|IQa
π ′ (NNG(Q
a)|θ)|. As |IQa
π ′ (NNG(Q
a)|θ)| = |IQ
π ′(NNG(Q)|θa
−1
)|, we conclude that
|IQa′ (NNI (Qa)|θ)| = |IQ′(NNG(Q)|θa−1)|, as needed to be shown.π π
A. Laradji / Journal of Algebra 308 (2007) 484–492 491Next, we claim that ⋃
x∈G
IQ
π ′
(
NNG(Q)
∣∣θx)= ⋃
a∈A
IQ
π ′
(
NNG(Q)
∣∣θa−1).
Suppose then that ξ ∈ IQ
π ′(NNG(Q)|θy) for some y ∈ G. So, we have ξy
−1 ∈
IQ
y−1
π ′ (NNG(Q
y−1)|θ). Let ω be the partial character in Iπ ′(NNG(Qy−1) ∩ I |θ) for which
ξy
−1 = ωNNG(Qy−1 ). Since Qy−1 is a vertex for ξy−1 , then an N -conjugate of Qy−1 , hence Qy−1
itself, is a vertex of ω. It follows, in particular, that Qy−1 ⊆ I , and therefore NNG(Qy−1) ∩
I = NNI (Qy−1). Now in view of Proposition 2.6, we deduce that IQy
−1
π ′ (I |θ) = ∅. Let ζ ∈
IQ
y−1
π ′ (I |θ). Then ζG ∈ IQπ ′(G|θ), and hence by the choice of A, there exists a0 ∈ A such that
Qa0 is a vertex for ζ . Therefore Qy−1 = (Qa0)t for some t ∈ I . Hence, there is h ∈ NG(Q)
such that a−10 = tyh. So, in particular, θa
−1
0 is NNG(Q)-conjugate to θy . Now since ξ lies in
IQ
π ′(NNG(Q)|θy), we have ξ ∈ IQπ ′(NNG(Q)|θa
−1
0 ). Our claim is then valid.
Let a1, a2 ∈ A be such that a1 = a2. We claim that
IQ
π ′
(
NNG(Q)
∣∣θa−11 )∩ IQ
π ′
(
NNG(Q)
∣∣θa−12 )= ∅.
Assume the contrary. Then θa
−1
1 = (θa−12 )r for some r ∈ NG(Q), and hence a2 = ra1s for some
s ∈ I . But then Qa2 = Qa1s , which clearly contradicts the choice of A.
Finally, we have
∣∣IQ
π ′(G|θ)
∣∣=∑
a∈A
|Ωa|
=
∑
a∈A
∣∣IQ
π ′
(
NNG(Q)
∣∣θa−1)∣∣
=
∣∣∣∣⋃
a∈A
IQ
π ′
(
NNG(Q)
∣∣θa−1)∣∣∣∣
=
∣∣∣∣⋃
x∈G
IQ
π ′
(
NNG(Q)
∣∣θx)∣∣∣∣.
The proof of the theorem is now complete. 
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